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ESTIMATES FOR THE DILATATION OF σ-HARMONIC MAPPINGS
GIOVANNI ALESSANDRINI AND VINCENZO NESI
Abstract. We consider planar σ-harmonic mappings, that is mappings U whose compo-
nents u1 and u2 solve a divergence structure elliptic equation div(σ∇ui) = 0, for i = 1, 2.
We investigate whether a locally invertible σ-harmonic mapping U is also quasiconformal.
Under mild regularity assumptions, only involving detσ and the antisymmetric part of σ,
we prove quantitative bounds which imply quasiconformality.
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1. Introduction
We study a certain class of homeomorphic solutions arising in several different context that
we call σ-harmonic mappings.
Definition 1.1. Consider an open, simply connected set Ω ⊂ R2. Given positive constants α
and β, we say that a measurable function σ, defined on Ω with values into the space of 2× 2
matrices, belongs to the class M(α, β,Ω) if one has
(1.1)
σ(x)ξ · ξ ≥ α|ξ|2 , for every ξ ∈ R2 and for a.e. x ∈ Ω ,
σ−1(x)ξ · ξ ≥ β−1|ξ|2 , for every ξ ∈ R2 and for a.e. x ∈ Ω .
We say that u is a σ-harmonic function if, given σ ∈ M(α, β,Ω), the function u ∈W 1,2loc (Ω) is
a weak solution to
(1.2) div(σ∇u) = 0 in Ω .
Here, and in what follows, we adopt the usual convention to identify z = x1 + i x2 ∈ C
with x = (x1, x2) ∈ R
2. A σ-harmonic map U = (u1, u2) : Ω → R2 is simply a pair of
σ-harmonic functions. If no conditions are imposed on the relationship between u1 and u2,
the notion may degenerate to the uninteresting case when u1 ≡ u2. We are interested to the
case when U is a homeomorphism and, from now on, we will always assume that it is sense
preserving so that detDU ≥ 0 almost everywhere in Ω . The most classic example is the set
of conformal mappings, that is holomorphic functions that are univalent, or, as is the same,
injective. It is well know that for holomorphic injective mappings f , the complex derivative
f ′ does not vanish, or, in real notations, the Jacobian determinant does not vanish. Hence it
is positive in Ω for conformal mappings, since they preserve the orientation. Another classical
and extensively studied example is the case of planar (univalent) harmonic mappings, [14].
Lewy’s celebrated theorem [19] extends to the harmonic planar mappings the result which
is valid for conformal mappings. So also for planar harmonic injective (sense preserving)
mappings U , one has detDU > 0 and U is necessarily a diffeomorphism.
For harmonic mappings, in particular for holomorphic one, σ is the identity matrix, so no
regularity issue arises. The map U is real analytic. Another very classical case arises when σ
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satisfies the additional constraint
(1.3) detσ = 1 .
Indeed, let us recall that given σ ∈ M(α, β,Ω) and a weak solution u ∈ W 1,2loc (Ω) to (1.2),
then there exists u˜ ∈W 1,2loc (Ω), called the stream function of u, such that, setting
(1.4) J :=
(
0 −1
1 0
)
,
one has
(1.5) ∇u˜ = Jσ∇u in Ω .
If, in addition, σ is symmetric and (1.3) holds, then one easily verifies that u˜ also satisfies
(1.2). Hence U = (u, u˜) is σ-harmonic.
For any solution to (1.2), setting
(1.6) F = u+ iu˜ ,
one has F = u+ iu˜ ∈W 1,2loc (Ω;R
2) and one writes, in complex notations,
(1.7) Fz¯ = µFz + νF¯z in Ω ,
where, the so called complex dilatations µ, ν are given by
(1.8) µ = σ22−σ11−i(σ12+σ21)1+Trσ+det σ , ν =
1−det σ+i(σ12−σ21)
1+Trσ+det σ ,
and satisfy the following ellipticity condition
(1.9) |µ|+ |ν| ≤
K − 1
K + 1
,
for some K ≥ 1 only depending on α, β. As is well known, (1.6)-(1.9), imply that
(1.10) |DF |2 ≤
(
K +
1
K
)
detDF ,
where |B| = (Trace(BBT ))1/2 denotes the Hilbert-Schmidt norm of the matrix B. Any
W
1,2
loc (Ω) mapping satisfying (1.10) almost everywhere, is called K-quasiregular. In fact a
classical equivalent way of introducing quasi regular mappings is in terms of ACL (Absolutely
Continuous on almost very Line) orientation preserving mappings for which there exist K ≥ 1
such that (1.10) holds.
Associated to the map F we may associate various types of so-called distortions or dilatations,
which turn out to be equivalent. Let us consider the following one
(1.11) d(F ) = |DF |
2
2 detDF .
The principal object of the present paper is to establish conditions on σ under which a
σ−harmonic mapping U is quasiregular, that is d(U) is bounded. For reasons that shall be
made transparent later on, it will be convenient to introduce a slight variation of the dilatation
function and introduce a new but equivalent dilatation dσ as follows. For a sense preserving
mapping U , that is, for a mapping such that detDU ≥ 0, we define
(1.12) dσ(U) :=
Trace(DUσDUT )
2 detDU
=
σ∇u1 · ∇u1 + σ∇u2 · ∇u2
2 detDU
.
In view of the ellipticity of the matrix σ, it is clear that d and dσ are uniformly bounded one
from each other by positive constants. It must be emphasized that, in general, the second
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component of a σ-harmonic mapping need not be the stream function of the first one, already
at the level of harmonic mappings. So σ-harmonic mappings are indeed a much wider class
of the set of quasiconformal mappings.
A very natural question is whether the dilatation dσ(U) may blow up for general σ-harmonic
maps.
In fact, already in the case of harmonic mappings, i.e. when σ is the identity matrix I,
one may have dI(U) diverging. To see this, it suffices to consider, in complex notation, the
homeomorphism
(1.13) U(z) = z +
1
2
z¯2
mapping the closed unit disk B(0, 1) univalently onto a closed bounded set the boundary of
which is an hypocycloid. One easily checks the Jacobian determinant vanishes identically on
∂B(0, 1) and hence the dilatation diverges at any point on it. However, by smoothness and
Lewy’s Theorem, the dilatation may only blow up at the boundary.
For σ-harmonic mappings, instead, the situation is dramatically different. In fact, not only
the dilatation may blow up at interior points but, actually, this is the generic situation.
A typical example of σ for which one can construct a univalent σ harmonic mapping the
dilatation of which diverges, is given in [7], Example 3.1. A much wider class is given in the
same paper, Example 3.2. In the same paper it is proved, roughly speaking, that if for a given
σ there exists a univalent mapping U = (u1, u2) which is a solution to
(1.14) div(σ∇ui) = 0 in Ω for i = 1, 2 ,
that is such that dσ(f) is locally bounded away from the boundary of Ω, then all the univalent
mappings U which are solutions to (1.14) are quasiconformal, see also [16]. The class of all
such nice σ’s, denoted by Σqc is rather “small”, that is nongeneric. More precisely, Σqc is a
set of first Baire category as proved in Theorem 4.1 of [7]. The identity matrix is one of such
nice σ’s. So, for given σ, in order to have σ ∈ Σqc, it suffices to find a single σ-harmonic
mappings with bounded dilatation.
One may wonder how to exhibit large classes of univalent σ-harmonic mappings. The first
result for the case of σ not equal to the identity, was established in [11], Theorem 3.1, following
previous work by Bauman and Phillips [12]. The idea, going back to Kneser [18] and Rado`
[22], is to deduce the univalence by some informations about the Dirichlet boundary data. In
[11] one assumes that the boundary data is the restriction to the boundary of a smooth sense
preserving diffeomorphism Ψ = (Ψ1,Ψ2) of an open, simply connected set Ω with smooth
boundary, onto a convex set. Under these assumptions one proves that U is itself a self
preserving homeomorphism so that detDU ≥ 0 almost everywhere. Under more stringent
regularity assumptions on ∂Ω, Ψ and σ, one deduces that DU is smooth and detDU > 0.
A deeper result, in this direction, was proved in [5], Theorem 4. In that paper a Kneser-Rado`
type of theorem is proved under essentially minimal hypotheses. For the kind of questions we
address in the present paper, however, the main result is a different one. To state it in a a
precise form, we recall that, given an open set D ⊂ R2, φ ∈ L1loc(D) belongs to BMO(D) if
‖φ‖∗ = sup
Q⊂D
(
1
| Q |
∫
Q
| φ− φQ |
)
<∞ ,
where Q is any square in D and φQ =
1
|Q|
∫
Q φ.
Recall also that the normed space (BMO(D), ‖ · ‖∗) is in fact a Banach space.
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Theorem 1.2. Let Ω be an open subset of R2, let σ ∈ M(α, β,Ω) and let U ∈W 1,2loc (Ω,R
2) be
a σ-harmonic mapping which is locally one-to-one and sense preserving. For every D ⊂⊂ Ω,
we have
(1.15) log(detDU) ∈ BMO(D) .
One obtains by (1.15), that the Jacobian determinant has a negative exponent of integrability
and, in particular, that detDU > 0 almost everywhere. This theorem, which relies on deep
results due to Reimann [23], Bauman [10] and Fabes and Strook [15], was proved in [5],
Theorem 5, in the case when σ is symmetric. The extension to the nonsymmetric case
elaborates on results in [16] and can be found in [8], Theorem 3.1. In fact, in [8] Theorem 4.1
and Remark 4.3, an even stronger result is obtained, that is
(1.16) detDU ∈ A∞(D),
where A∞ is the class of Muckenhoupt weights [13]. Indeed, in Theorem 3.4 below, we shall
make use of this result.
Applications of these achievements may be found in several context, ranging form establishing
sharp bounds for effective conductivity as in [1] and [2], or in establishing a conjecture in the
field of quasiconfomal mappings about the stability of Beltrami systems underH-convergence,
as in [8]. Other applications have been given in inverse problems, see, for instance, the review
article by [9].
In the present paper we investigate sufficient conditions on σ such that dσ(U) is locally
bounded. In [7], Theorem 2.2, we proved that if σ is symmetric and det σ is Ho¨lder contin-
uous, then dσ(U) is locally bounded, however no quantitative estimate was obtained. Here,
assuming that the antisymmetric component σ12 − σ21 and the determinant detσ are Lips-
chitz continuous, we achieve a concrete local upper bound on dσ in the form of a Harnack
type inequality in Theorem 3.1.
Next, since we know from [7], as already remarked, that in order to have σ ∈ Σqc, it suffices
to exhibit a single σ-harmonic mapping whose dilatation is bounded, we focus on the special
class of so-called periodic σ-harmonic mappings, which are of special relevance in homoge-
nization and which have beee analyzed in depth in [5] and in [6]. More precisely, denoting
by W 1,2♯ (R
2,R2) the space of W 1,2loc mappings whose components are 1-periodic in each vari-
able, and assuming that σ ∈ M(α, β,Ω) is also 1-periodic, in each variable, we consider
U = (u1, u2) ∈W 1,2loc (R
2,R2) such that
(1.17)
{
div(σ∇ui) = 0 in R2 ,
U − x ∈W 1,2♯ (R
2,R2) .
For the solution to (1.17), we prove a global uniform bound on dσ(U) in the final Theorem 3.4.
2. An elliptic equation
Throughout the present Section, we assume that U is a locally univalent, sense preserving
σ-harmonic mapping U = (u1, u2) in Ω. The main motivation for the introduction of the
quantity dσ comes for the following decomposition. Denote
(2.1) wi = detDU
σ∇ui·∇ui
, for i = 1, 2 .
Obviously we have
(2.2) dσ(U) =
1
2
(
1
w1
+
1
w2
)
.
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We shall show in the next Lemma that, under few hypotheses on σ, each wi solves a divergence
structure elliptic equation. In fact is is well known that if σ is the identity, then indeed w1
and w2 are harmonic [14].
Lemma 2.1. Assume, for some E ∈ (0,+∞),
(2.3) ||∇ det σ||L∞(Ω) + ||∇(σ12 − σ21)||L∞(Ω) ≤ E.
Then, for any i = 1, 2, wi ∈W 1,2loc (Ω) and it is a weak solution to
(2.4) div(σ∇wi + wiBi) = 0 in Ω ,
where
(2.5) Bi =


1
σ∇ui · ∇ui
[(
J∇ui · ∇c
)
JT∇ui +
(
J∇ui · ∇b
)
σ∇ui
]
, where ∇ui 6= 0
0 , where ∇ui = 0
and
(2.6) b = σ12 − σ21 , c = det σ .
Remark 2.2. Being U locally univalent, we know that detDU may vanish only on sets of
zero measure. Even more so, |∇ui|, may vanish only on sets of zero measure. See [4] for
a general discussion of unique continuation for two-dimensional elliptic equations. Observe
that
||Bi||L∞(Ω) ≤ C0E,
where C0 only depends on α and β. Finally note that w
i are actually σ-harmonic when det σ
and the antisymmetric part of σ are constant.
Proof of Lemma 2.1. It suffices to provide a formal proof of (2.4). Standard smoothing
arguments and interior a-priori estimates will guarantee that wi ∈ W 1,2loc and the validity of
(2.4) with no further assumptions other than (2.3).
We concentrate on w1, the same arguments shall apply to w2. It was shown in [5] and [8]
that, being U injective, setting f = u1 + i u˜1, f is locally quasiconformal and, introducing
V = U ◦ f−1 ,
one has
w := detDV =
detDU
detDF
◦ f−1 = w1 ◦ f−1 .
Furthermore, see [8], w is a distributional solution to the following elliptic equation in adjoint
form
(2.7) wx1x1 + (b ◦ f
−1w)x1x2 + (c ◦ f
−1w)x2x2 = 0 .
From now on we will simply write, with a slight abuse of notation b and c in (2.7) instead of
b ◦ f−1 and c ◦ f−1 .
In view of the bound (2.3), b and c are weakly differentiable, hence (2.7) can be rewritten as
a divergence structure equation
(2.8) wx1x1 + (bwx2 + bx2 w)x1 + (cwx2 + cx2 w)x2 = 0 .
Pulling back through the quasiconformal mapping f, we end up with equation (2.4).
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3. Bounds on the dilatation
In what follows we are interested in pointwise bounds on the dilatation function dσ(U)
for a given σ-harmonic mapping U . Therefore, in order to emphasize the dependence on the
variable x ∈ Ω, we shall write for short
(3.1) dσ(x) instead of dσ(U)(x) .
Also, for the sake of simplicity, but with no loss of generality, we shall assume that the
ellipticity constant in (1.1) satisfy
(3.2) α−1 = β = K .
Theorem 3.1. Let σ satisfy (1.1) with the convention (3.2) and assume that U : Ω → R2
be a locally univalent and sense preserving σ-harmonic mapping. Assume, in addition (2.3).
Then dσ < +∞ in Ω, it is Ho¨lder continuous and for any A ⊂⊂ Ω, there exists H > 0 only
depending on K,E,A and Ω, such that the following Harnack’s inequality holds
(3.3) dσ(x) ≤ H dσ(x′) for all x, x′ ∈ A .
Proof. Recall (2.2). In view of Lemma 2.1, by De Giorgi-Nash-Moser theory [17], the thesis
follows.
As a straightforward consequence, we obtain the following
Corollary 3.2. Under the same assumptions as in Theorem 3.1, we have
(3.4) ||dσ||L∞(A) ≤ H
(
1
|A|
∫
A
(dσ)δ
) 1
δ
for any positive δ.
Remark 3.3. As already pointed out, under the assumptions of Theorem 3.1, the exists a
positive ǫ such that (detDU)−ǫ in integrable. Therefore, by Schwartz inequality, one can check
that the right hand side of (3.4) is bounded for some small δ > 0 even when the condition
(2.3) is not assumed.
Theorem 3.4. Assume, in addition to the hypotheses of Theorem 3.1, that σ is 1-periodic
in each variable on the whole R2. Consider the solution to the periodic problem (1.17) with
“unit cell” Q0 = [0, 1]× [0, 1]. Then there exists M > 0 only depending on K and E such that
(3.5) ||dσ ||L∞(Q0) ≤M .
Proof. The solution U : R2 → R2 is globally univalent, as proved in [5], Theorem 1. By
Theorem 4.1 in [8] and by the theory of Muckenhoupt weights, [13], we can find p > 1 and
C > 0 only depending on K such that
(3.6)
1
|R|
∫
R
detDUdx
(
1
|R|
∫
R
(detDU)
− 1
p−1 dx
)p−1
≤ C ,
for every square R ⊂ R2. By Corollary 3.2, one has
(3.7) ||dσ ||L∞(Q0) ≤
H
2
(∫
Q0
(|DU |σ)
2δ(detDU)−δdx
) 1
δ
,
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where, for given σ ∈ M(α, β,Ω), we set |B|σ := (Trace(BσB
t))1/2, a Hilbert-Schmidt norm
of the matrix B “weighted” with that matrix σ.
By Schwartz’s inequality
||dσ||L∞(Q0) ≤
H
2
(∫
Q0
(|DU |σ)
4δdx
) 1
2δ
(∫
Q0
(detDU)−2δdx
) 1
2δ
.
Picking 0 < δ < min
(
1
2 ,
1
2(p−1)
)
and recalling that |Q0| = 1, we deduce by Ho¨lder’s inequality
that ∫
Q0
(|DU |σ)
4δdx ≤
(∫
Q0
(|DU |σ)
4δsdx
) 1
s
, ∀s > 1 .
Hence, picking s = 12δ , we have(∫
Q0
(|DU |σ)
4δdx
) 1
2δ
≤
∫
Q0
(|DU |σ)
2dx .
On the other hand, using again Ho¨lder’s inequality and the fact that |Q0| = 1, we have∫
Q0
(detDU)−2δdx ≤
(∫
Q0
(detDU)−2δrdx
) 1
r
, ∀r > 1
and choosing r = 12δ(p−1) , we have, by (3.6)(∫
Q0
(detDU)−2δdx
) 1
2δ
≤
(∫
Q0
(detDU)
− 1
p−1 dx
)p−1
≤ C
(∫
Q0
(detDU)dx
)−1
.
By standard energy estimates∫
Q0
(|DU |σ)
2dx ≤
∫
Q0
Trace (σ)dx ≤ 2K
and, since detDU is a null-lagrangian, by the standard Area theorem, one has∫
Q0
detDUdx =
∫
Q0
det Idx = 1.
Hence
||dσ ||L∞(Q0) ≤ CHK .
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